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ABSTRACT 

Kac-Moody  algebras  is  one  of  the  advanced  fields  of  Mathematical  research,  which  is  developing  rapidly  in  recent 
years  due  to  its  interesting  connections  and  applications  to  many  areas  in  Mathematics  and  Mathematical  Physics  like 
Quantum  Physics,  Number  theory,  Combinatorics,  Non-linear  differential  equations  etc.  A  specific  class  of  indefinite 
non-hyperbolic  Kac-Moody  Algebras  EHG2  was  considered  by  Uma  Maheswari  [19]  wherein  a  realization  for  these 
algebras  as  a  graded  Lie  algebra  of  Kac-Moody  type  was  obtained.  The  homology  modules  and  the  structure  of  the 
components  of  the  maximal  ideal  upto  level  three  were  computed.  In  this  paper,  a  specific  class  of  the  family  QHG2  is 
considered.  Using  this  realization  as  a  graded  Lie  algebra  of  Kac-Moody  type,  the  homology  modules  upto  level  five  are 
computed.  The  structure  of  the  components  of  the  maximal  ideal  upto  level  four  is  determined.  To  compute  these  we 
combine  the  theory  of  homological  techniques  and  spectral  sequences  theory. 

KEYWORDS:  Generalized  Cartan  Matrix,  Kac-Moody  Algebra,  Finite,  Affine,  Indefinite,  Extended  Hyperbolic 
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1.  INTRODUCTION 

The  theory  of  Kac-Moody  algebra  can  be  classified  into  Finite,  Affine  and  Indefinite  type.  Understanding  the 
structure  and  computing  multiplicities  of  roots  explicitly  of  Kac-Moody  algebra  is  an  open  and  difficult  problem.  Feingold 

and  Frenkel  (1983)  computed  level  2  root  multiplicities  for  hyperbolic  Kac-Moody  algebra  HAj1' and  Kang  et  al  (1988) 
computed  root  multiplicities  of  E10  ,  Kang  (1993a,b)  has  computed  root  multiplicities  for  roots  upto  level  5  for  HAj1', 
for  the  roots  upto  level  3  forHAj,1'  (1994a).  Sthanumoorthy  and  Uma  Maheswari  (1996a)  have  computed  root  multiplicities 

of  roots  for  a  particular  class  of  extended-hyperbolic  Kac-Moody  algebra  EHA^  and  again  considered  the  same  generally 

in  Sthanumoorthy  et  al  (2004).  This  class  of  extended-hyperbolic  Kac-Moody  algebra  was  defined  in  Sthanumoorthy  and 
Uma  Maheswari  (1996b).  Sthanumoorthy  and  Uma  Maheswari  (2012)  have  computed  root  multiplicities  upto  level  3  for 

EHAj'^  andEHA^.  Another  class  of  indefinite  non-hyperbolic  Kac-Moody  algebra  called  quasi-hyperbolic  was 

introduced  by  Uma  Maheswari  (2014). 
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In  this  paper  we  consider  the  class  of  quasi-hyperbolic  Kac-Moody  algebras  QHG2  associated  with  the  GCM 
where  atleast  one  of  ab  >  4  or  cd  >  4.  We  first  give  a  realization  for  QHG2  as  a  graded  Lie  algebra  of 


Kac-Moody  type  and  then  using  the  homological  techniques  developed  by  Kang  and  others  [14], [16],  [17],  [18]  &[19], 
we  compute  the  homology  modules  of  QHG2  upto  level  5  and  the  structure  of  the  components  of  the  maximal  ideal  upto 
level  4. 

2.  PRELIMINARIES 

We  first  recall  some  results  on  the  general  construction  of  graded  Lie  algebras  of  Kac  -  Moody  type 
(Benkart  et  al,  1993). 

Notations  Used 

G:  Lie  algebra  over  a  field  of  characteristic  zero 
V,  V' :  two  G  -  modules. 

\ff  :V'  ®  V  — >  G  aG  -  module  homomorphism 
G0  =G,G_!  =V,Gl  =V' 

G+  =  X  »2i  G»  (resP-      =  X  n>fi-„ )  -  the  free  Lie  algebra  generated  by  V '  (resp.  V) 
Gn  (resp  G.n)  for  n  >  1  -  the  space  of  all  products  of  n  vectors  from  V'  (resp.  V) 
K  -  An  algebraically  closed  field  of  characteristic  zero. 

Now  is  given  a  Lie  algebra  structure  by  defining  the  Lie  bracket  [,]  as  follows: 

For  a,  beGvey,  weV'  define  [a,v]  =  a.v  =  -[v,a]  and  [a,w]  =  a.w  =  -[w,a]. 

Let  [a,b]  denote  the  bracket  operation  in  G.  For  weV',VeV,[w,v]  =  y/(w®V)  =  -[V,w].  By  extending  the 
bracket  operation,  G  =  becomes  a  graded  Lie  algebra  which  is  generated  by  its  local  part  +GQ+Gr 

For       n>l        define       the       subspaces       I+=        {xeG+/[yij[...[yn_i,x]]...]       =       0       for  all 
3V-,  e  Gn}.  Set  I+  =X  „>J„J-  =  Z  -i7-». 

We  see  that   I+    and    /_    are  ideals  of  G  and  the  ideal  is  the  largest  graded  ideal  of  G  trivially 
intersecting  G_j  +GQ+Gl. 

For  n  >1,  define  L±n=G±nII±.  Let  ^  =  L(G,V,V',  y/)  =  G_l  I_®  G0  ®G+I  I+  =...©L2  ©L  ,  ©  L,  ©Z,  ®L ,©..., 

where      =  ^o>A  =  =  ^-l-Then  L  =  ®neZLn  is  a  graded  Lie  algebra  generated  by  its  local  part  V  ©G©V'  and  L 

=  Gfl. 
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Let  g  =  g  (A)  be  a  symmetrizable  Kac  -  Moody  algebra  over  K  with  A  =  (ajj)"M  having  rank  /.  Decompose 
A=  DB  (where  D  =  diag  (Ge ■■■>£„)  andfi  =  (£«)", =i  ,  with  the  realization (h, IT  ={\  hj ,  Let  Z  be  the  center  of  g  (A). 

Let  H  =(h,...,h^i  be  a  maximal  subset  of  W  independent  of  Z  in  h.  Let  Zi,...,Zn_i  denote  a  basis  for  Z  and  di, 
dn_!  be  linearly  independent  of  Z  in  HL  so  that  (.d,,Zj)  =  <^rLetV  =\\  ®V2  ©...© Vm,  for  some  integer  m  >  n-1  each  V; 
being  a  faithful,  irreducible  highest  weight  module  of  g  of  highest  weight  Xt  where  Xfs  are  chosen  such  that  i,j=l  IS 

non  singular.  Let  V *  =  Vj*  ffi  V*  © ...  ffi  V*  be  the  finite  dual  of  V.  Let  ge  =  g  ©  Kcn_M  © ...  ©  Kcm  where  the  elements  cn. 

7+1,  cm  act  centrally  in  ge.  Extend  the  above  action  of  g  on  v  to  ge  by  letting  each  Cj  act  trivially.  Now  using  the  basis 
elements  Zj  and  d„  we  can  build  an  orthonormal  basis  yb       y2n_i  for  h  and  from  this  we  can  extract  an  orthonormal  basis 

for  H  and  this  basis  yls       y2n_i  and  root  vectors  will  form  a  basis  {XjJjEj  of  g.  Then  the  dual  basis  x,  of  g  consists  of 

elements  yh  y2nA  and  root  vectors.  Let  us  assume  (A^Af)  ^  Ofor  all  i.  Forw*  =  w*  +  ...  +  w*m  e  V*  and  v  =  V[  +...  +  vm  e  V 

*      *                                       m       2  m 
where  w*  e  V*,vt  e  Vh  define    \|/(w  *  ®  v)  =  ^  ^(wi  1  xjvi>xj  +  ^(wi* 1  vi)ci  wnere 

denotes    the  usual 

i=l  ^i'        jeJ  i=n-l+l 

pairing       I v,)  =  w,  (v,-))  between  V"  and  V,  .  Form  the  graded  Lie  algebra  L  =  L(ge,  V,  V+,  \|/) . 

Theorem  2.1[1] 

L  is  a  Zn+m  -graded  algebra. 

Setting  a+i=-l  for  i  =1,  m,  form  the  matrix  C  =  ({anaj))"+"'i,  where  (ai,aJ)  =  2(ai,aJ)/(a„ai). 

Let  A  (C)  be  the  free  Lie  algebra  on  generators  E;,  Ft,  H;,  i  =  1,  m  and  1(C)  be  the  ideal  generated  by  the 
homogeneous  elements 

[H„HJ],[Ht,EJ]-{aj,ai)EJ[Ht,FJ]  +  {aj,al)F]  And  [X Let  A  (C)  =  A  (C)  /1(C). 
Theorem  2.2[1] 

Let  (/>'-MC)^>L  ^e  fne  Lie  algebra  homomorphism  sending  Et  —>ei,Fi  — >  fj,Hj  — >«rThen  0  has  kernel  as 

1(C)  and  1(C)  is  the  largest  graded  ideal  of  A(C)  trivially  intersecting  the  span  of  Hi,...,  Hn  +m.  Also  is 
an  isomorphism. 

Proposition  2.3[1] 

The  matrix  C  has  rank  2n  -  I  and  C  is  symmetrizable. 

We  now  recall  the  definition  of  homology  of  Lie  algebra  (Garland  and  Lepowsky,  1976)  and  Hochschild-Serre 
spectral  sequence  (Kang,  1993a). 
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Let  G  be  a  Lie-algebra  and  V  and  module  over  G.  Define  the  space  Cq(G,V)  for  q  >  0  of  Q  -  dimensional  chains 
of  the  Lie  algebra  G  with  coefficients  in  V  to  be  a"(G)®V.  The  differential  dq  =  Cq(G,V)^>Cq_l{G,V)  is  defined  to  be 

rf,(ftA...Ag}®v)  =  £  (-ir-'{[8s,8^AglA...lA...Ag,A...Agq)®v  +  YJ(-V(glA...AgsA...Agq)®gs.V, 

]<s<r<cj  l<s<q 

For  v  g  V,  g1,g2,-,  gq  e  G.  For  q  <  0,  define  Cq(G,V)  =  0  and  dq  =  0.  Then  dq  °  dq+1  =  0.  The  homology  of  the 

complex  (C,d)  =  [Cq(G,V),dq)  is  called  the  homology  of  the  Lie  algebra  G  with  coefficients  in  V  and  is  denoted  by 

Hq(G,V).  If  V  =  C,  we  simply  write  Hq(G)  for  Hq(G,C).  Assume  now  that  G,  V,  Cq(G,V)  are  completely  reducible  modules 
in  the  category  O  over  a  Kac-Moody  algebra  g(A)  with  dq  having  g(A)-module  homomorphisms.  Let  I  be  ideal  of  G  and  L 
Gil.         Define         a        filtration         {Kp=KpC}         of        the         complex         {C,         d}  by 

KpCp+q={glAg2A...Agp+q®v\gie  I  for  p  +  \<i<p  +  q}. 

This  gives  rise  to  a  spectral  sequence  \Epq,dr:Epq^>Ep_lq+r_^Syxch  that^,,  —  H p(L,Hq(I,V))  t  where 
Ep,q  'sare  determined  by  Erp*q  =  Ker{dr  :  Erpq  -»  Erp_r  I  \m{d  r  :  Erp+rq_r+1  -»  Erpq)  with  boundary  homomorphisms 
dr+\  '-EpA  —>  Ep_r_lq+r  _  The  modules  E'pq  become  stable  for  r  >  max(p,q  +1)  for  each  (p,q)  and  the  stable  module  is 
denoted  by  Ep   .  The  spectral  sequence  [Erp  ,dr]  converges  to  Hn(G,V)  in  the  following  sense:  Hn(G,V)  =  ®p+q=n  Epq_ 

Then  we  have  the  following  Hochschild-Serre  five  term  exact  sequences  (Kang  et  al,  1994): 
H2(G,V)  ->H2(L,H0(I,V)  -»H0(L,H1(/,V))  -^(G.V)  -m^H^V))  ->0. 

Now  consider  G  =  ©  Gn  be  the  free  Lie  algebra  generated  by  the  subspace  Gi  and  /  =  ©  /„  be  the  graded  ideal 

n>\  n>m 

of  G  generated  by  the  subspace  Im  for  m  >  2.  Consider  the  quotient  algebra  L  =  Gil.  Then  L=  ©  Ln  is  also  a  graded  Lie 

«>i 

algebra  generated  by  the  subspace  Lj  =  Gi.  Let  J  =  I  /  [I,  I].  J  is  an  L-module  via  adjoint  action  generated  by  the  subspace 
Jm. 

As  vector  spaces,     ^  n=^n  for  m<n<  2m  _  Suppose  that  Im  and  Gi  are  modules  over  a  Kac-Moody  algebra 

g  (A).  Then  Gn  has  a  g(A)-module  structure  such  that  x '  [v,  w]=[x-  v,  w]  +  [v,  x  ■  w]  forxe  g(A),ve  G,  we  G„_, ;  /„  also  has 
a  similar  module  structure.  We  also  have  the  induced  module  structure  of  the  homogeneous  subspaces  Ln,  Jn. 

Then  we  have  the  following  theorem  proved  in  Kang  (1993a). 

Theorem  2.4[8] 

There  is  an  isomorphism  of  g(  A)  -  modules  Hj(L,J)  =  H  j+2(L),  fOIJ  >  1.  in  particular  Im+i  —      ®  ^m)  I H  m+l 

Now,  for  arbitrary  J  -  m'  set  =X„>/«;  tnen  Iq)  is  an  ideal  of  G  generated  by  the  subspace  Ij.  We  consider  the 
quotient  algebra  L  Q)  =  G/IG).  Let  N^^I01/  I0"1*.  In  this  notation  L  =  L  <m).  Then  we  have  an  important  relation: 
Ij+i  -  H3(L(/))j+1  _  And,  there  exists  a  spectral  sequence  {Erp  q,dr :  E'p  q     Erp_r  q+r_^  converging  to  H,(liJ))  such  that 

and  Eepq  =  H p (L(i_1) ) ®  a? )  and  H3(LU))  s  £3~0  ©  E%  ©  £"2  ©  £0~3 
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Lemma  2  5  [8] 

In  the  above  notation,  H2  (L)  =  Im . 

Now  we  recall  the  Kostant's  formula  for  symmetrizable  Kac-Moody  algebras  (Liu,  1992): 

Let  A=(a..)".=1  be  a  symmetrizable  GCM.  Let  \  A  ,A  denote  the  root  system  of  g(A),  positive  and 

negative  roots,  respectively,  of  g(A).  We  have  the  triangular  decomposition:  g(A)  =  n  ®h@n  ,  where  n  =  ®±Sa 

Let  S={  l,...,s}  be  a  subset  of  N  =  { l,...,n}  and  gs  be  the  subalgebra  of  g(A)  generated  by  the  elements  e^f;,  i  =  1, 
s  and  h.  Let  A5  denote  the  set  of  positive  roots  generated  by  OClt...  ,OCs  and  As  =—  A*.  Then  gs  has  the  corresponding 
triangular  decomposition:  gs=n~  ®h®  n* ,  where  K  ~  ®±  Sa  and  A,  —  A*  U  As  js  the  root  system  of  gs.  Let  A±(S)  =  A±  \  A* 
and  »*<£)  =  ©  8a  Then  g(A)  =  n(S)®gs  ©«+(5).Let  W(S)  =  { we  W  I  wA~  nA+  c  A+(5)} . 

For  Aeh  denote  byV(A) ,  the  irreducible  highest  weight  module  over  g(A)  and  V(X)  the  irreducible  highest  weight 
module  over  gs. 

Theorem  2.6[5] 

(Kostant's  formula)  H  An' (S),V {%))=    ©    V(w(A  +  p)-p). 

'  weW(s) 

Lemma  2.  7  [8] 

Suppose  w  =  W  rj  and  l{w)  =  l(w')  + 1 .  Then  w  e  W(S)  if  and  only  if  w'e  W(S)  and  w'(aj)e  A+(5). 
Definition  2.  8[16] 

Let  A  =  (ai:)1nj=1  be  an  indecomposable  GCM  of  indefinite  type.  The  associated  Dynkin  diagram  S  (A)  to  be  Quasi 

Hyperbolic  (QH)  type  if  S  (A)  has  a  proper  connected  sub  diagram  of  hyperbolic  type  with  n-1  vertices.  The  GCM  A  is  of 
QH  type  if  S  (A)  is  of  QH  type.  Then  the  Kac-Moody  algebra  is  of  QH  type. 

3.  RELIZATION  FOR  QHG2 

Let  us  denote  by  QHG2 ,  the  class  of  quasi-hyperbolic  Kac-Moody  algebras  whose  associated  GCM  is  of  the 

,  where  atleast  one  of  ab  >  4  or  cd  >  4  that  is,  the  class  of  all  3  x  3  GCM  of  quasi  -  hyperbolic  type 


form 


2  -3  -c 
-1  2  -a 
-d    -b  2 


obtained  from  the  algebra  G2  associated  with  the  GCM 
represented 


2  -3 
-1  2 


Here  a,  b,  c,  d,  £  Z+  .  The  associated  Dynkin  diagram  is 


www.tiprc.org 


editor@tjprc.org 


102 


A.  Uma  Maheswari  &  S.  Krishnaveni 


where 


can  be  anv  one  of 


4=    <^>  <^  m> 


or  a  bold  faced  edge 


Consider  the  Kac-Moody  algebra  associated  with  the  GCM  A— 


2  -3 
-1  2 


Let  (/i,nnv)be  the  realization  of  A  with  II  ={»,,«,}  andIT  =  {a^,a2}  .  Then  we  have  the  following  bilinear 
relations («p«!)  =  2/3,   {al,a2)  =  -l,  {a2,a2)  =  2, 

Let       a3       be       the       element       in       h"       such       that       «3  («r,v )  =  0,  a3  («,v )  =  1 .       Let  us 


define  A,  =  -aou 


f  2a  +  c^ 


v    j  J 


2(2a  +  3) 


Set  a3=-X.  hen(a3> ai)  =  -d a3)  =  -c 7(a3,a2)=-b;  (a2, a3)  =  -at («3,a3>  =  2;  («2,a,)  =  -lj<cifI,a2>  =  -3 


Form  the  matrix  C  —        ^j)).  ._j  Then  £_ 


2  -3  -c 
-1  2  -a 
-d    -i  2 


is  a  symmetrizable  GCM  of  quasi  hyperbolic  type. 


Let  V  be  the  integrable  highest  weight  irreducible  module  over  G  with  the  highest  weight  ^  as  defined.  Let  V  be 
the  contragradient  of  V  and  v|/  be  the  mapping  as  defined  earlier.  Let  G  be  the  Kac-Moody  algebra  associated  with  the 

'2  -3l 


GCM 


-1  2 


Form  the  graded  Lie  algebra  L  (G,  V,  V  ,  v|/).  Then  L  =  g(C)  and  L  is  a  symmetrizable  Kac-Moody 


algebra  of  quasi-hyperbolic  type  associated  with  the  GCM  C. 

Next  we  compute  the  homology  modules  of  the  Kac-Moody  algebra  for  QHG2.We  note  here  that,  from  the 
realization  of  L  =  QHG2  as  L  =  L  — ®  L0®  L+  =  G  / 1  anci  using  the  involutive  automorphism  ,  it  suffices  to  study  about  the 
negative  part  L_  =  G_  / 1_. 

Computation  of  Homology  Modules 

Let  S  =  {1,  2}  cJV  =  {l,2,3}.  Here  gs  is  the  Kac-Moody  Lie  algebra 
G2.  Here  A+(S)  =  [kxax  +  k2a2  +  k3a3  e  A+  \k3  ^0}.  Let  As  be  the  root  system  of  gs.  H^LJs  V(-«3).The  only  element 
length  1  in  W(S)  is  r3. 

Hence  by  the  Kostant's  formula  we  see  that  the  elements  of  length  2  in  W(S)  are  r^  and  r3r2.We  have 
Wp-p  =  -al  -{d  +  l)a3  mdr3r2p-p  =  -(b  +  l)a3-a1. 


Hence,  H2  (L  J  =  V(-(d  +  l))a3  -a,)®  V((-b  +  !)«,  -  a2 ). 
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Elements  of  length  3  in  W(S)  are  r3r2r3>r3r2ri>r3rir2  and  r3rir3. 
We  then  have,  r3r2r3p~P  =  ~(ab  +  b)ai  ~(a  +  l)ai 
r3r2r\P  ~~  P  =  ~a\  ~~  2or2  ~(2b  +  d  +  1)0^ 

r3r1r2p-p  =  -\ax  -  Ct2  -  (4d  +  b  +  l)or3 ,  r^p _  p  -  _(i  +  c)j^  _ (1  +  c)q. 

Hence,    H3 (L- )  =  V(-(ab  +  b)a3  -(a  +  \)a2 )  ®V(-(4d  +b  +  l)a3  -CC2- \ax ) 
©Vi-ilb  +  d  +  Da, -2a2 -a{)  ©  y  (_(i  +  c)da3  -  (1  +  c)a{) 

Elements  of  length  4  in  W(S)  are  r3r2rir2,  r^^T^^Ji^^  *$\*2*\,  r3rir2r3,  r3rir3r2, 
r3r2rjr2(p)-  p  =  -(1  +  4d  +  4b)a3  -  4a2  -  4aj 

r3r2r,r3(p)-  p  =  -(b(2  +  a  +  c)  +  d(l  +  c))a3  -  (2  +  a  +  c)a2  -  (1  +  c)aj 
r3r2r3rj(p)-  p  =  -(2  +  a(l  +  d))ba3  -  (2  +  a(l  +  d))a2  -  a, 
r3r2r3r2(p)-  p  =  -((1  +  b)ab  -  d)a3  -  (1  +  b)aa2 
r3rjr2rj(p)-  p  =  -(1  +  2b  +  6d)a3  -  2a2  -  60^ 

r3r1r2r3(p)  —  p  -  -(ab  +  be  +  cd  +  4d  +  b)a3  -  (1  +  a)a2  -  (4  +  3a  +  c)aj 
r3rjr3rj(p)-  p  =  -(cd(l  +  d)  -  d)a3  -c(l  +  d)a, 
r3rjr3r2(p)-  p  =  -(4d  +  dc  +  bcd)a3  -  a2  -  (4  +  c  +  bc)^ 

Hence  H4  (L-)  =V  (-(l  +  4d  +  4b)a3 -4a2 -4a, )  ©V 

(-(b(2+a  +  c)  +  d(l  +  c))a3-(2+a  +  c)a2-(l+c)a1) 

©  V  (-(2  +  a(l  +  d))ba3  -(2  +  a(l  +  d))a2  -a, )  ©  V  (-((l+b)ab-d)a3  -(l+b)aa2 

©  V(-(l  +  2b  +  6d)a3-2a2-6a1) 

©  V  ( -  (ab  +  be  +  cd  +  4d  +  b)a3  -  (1  +  a)a2  -  (4  +  3a  +  c)at ) 

©  V  ( -  (cd(  1 + d)  -  d)a3  -  c(  1  +  d)a, )  ©  V  ( -  (4d  +  dc  +  bcd)a3  -  a2  -  (4  +  c  +  bc)^ ) 

Elements  of  length  5  in  W(S)  are 

r3r2r1r2r1  r3r2rlr2r3,  r3r2rir3r2,  r3r2r3rir2,  Tggffy  r3r2r3r2rb  r3r2r3r2r3,  r3r1r2r1r2,  r^r^r;,,  r3r1r2r3r1,  r3rir2r3r2, 

r3rlr3rlr2>  r3rlr3rlr3>  r3rlr3r2rb  r3rlr3r2r3 

We  have,  ^r^r^  (p)  -  p  =  -  a3  (1  +  5b  +  6d)  -  5a2  -  6ai 
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r3r2r1r2r3  (p)  -  p  =  -  a3  (3ab  +  2bc  +  cd  +  4b  +  4d)  -  (4  +  c  +  3a)  a2  -  (4  +  c  +  3a)  al 

r3r2r1r3r1  (p)  -  p  =  -  a3  (cd2  +  2cd  +  ad  -  d  +  a  +  c  +  1)  -  (1  +  a  +  ad  +  c  +  cd)  a2  -  c  (1  +  d)  al 

r3r2rir3r2(p)  -  p  =  -  a3[b(a  +  ab  +  4  +  c  +  be)  +  d(4  +  c  +  be)  -  b]  -  (a  +  ab  +  4  +  c  +  bc)a2  -  (4  +  c  +  bc)oii 

r3r2r3r;r2  (p)  -  p  =  -  a3  (-  b  -  4d  +  ab  +  ab2  -  4abd  -  4b)  -  a  (1  +  b  +  4d)a2  -  4a i 

r3r2r3rir3  (p)  -  p  =  -  a3  (1  -  d  (1  +  a)  +  b  (2  +  a  -  ad  -  a2d  +  d  +  ad)  -  (2  +  a  -  ad  (1  +  a))a2-  (1  +  a)ai 

r3r2r3r2rj  (p)  -  p  =  -  a3  (ab(l  +  2b  +  d)  -  2b)  -  a(l  +  2b  +  d)a2  -  aj 

r3r2r3r2r3  (p)  -  p  =  -  a3  (1  -  b  +  a  +  ab)  -  aa2 

r3rir2r1r2  (p)  -  p  =  -  a3  (1  +  4b  +  9d)  -  4a2  -  9a! 

r3r1r2r1r3  (p)  -  p  =  -  a3  (b  (2  +  c  +  a)  +  3(2  +  c  +  a)  d)  -  (2  +  c  +  a)  a2  -  (2  +  c  +  a)  3al 

r^r^r,  (p)  -  p  =  -  a3  (b  (2  +  a  +  ad)  +  d2  +  6  +  3a  +  3ad)  -  (2  +  a  +  ad)  a2  -  (1  +  d  +  3(2  +  a  +ad))  al 

r3rir2r3r2  (p)  -  p  =  -  a3  (ba(l  +  b)  -  d(l  +  (1  +  b)(c  -  3a)  -  b))  -  a(l  +  b)a2  -  (1  +  (1  +  b)(c  -  3a)a; 

r3rir3r;r2  (p)  -  p  =  -  a3  ((4d  +  b)  d  -  3d)  -  a2  -  (1  +  4d  +  b)  al 

r3r!r3r!r3  (p)  -  p  =  -  a3  (c2d2  +  cd2  -  2cd  -  d  -  1)  -  (cd  +  c2d  -  c)  al 

W3r2ri  (p)  -  p  =  -  a3  [b  (2  +  2b)  +  (6d  +  6b  +  d2)]  -  (2  +  2b)  a2  -  (7  +  6b  +  d)  al 

r3r[r3r2r3  (p)  -  p  =  -  a3  [1  +  d  (be  +  abc  -  2  -  a]  -  (1  +  a)  a2  -  (be  +  abc  -  2  -  a)  al 

Hence,  H5  (L_)  =  V  (-  a3  (1  +  5b  +  6d)  -  5a2  -  6a,)  ©  V  (-  a3  (3ab  +  2bc  +  cd  +  4b  +  4d)  -  (4  +  c  +  3a)  a2  - 
(4  +  c  +  3a)aO 

©  V  (-  a3  (cd2  +  2cd  +  ad  -  d  +  a  +  c  +  1)  -  (1  +  a  +  ad  +  c  +  cd)  a2  -  c  (1  +  d)  al) 

©  V(  -  a3[b(a  +  ab  +  4  +  c  +  be)  +  d(4  +  c  +  be)  -  b]  -  (a  +  ab  +  4  +  c  +  bc)a2  -  (4  +  c  +  bc)a0 

©  V(-a3  (-b-4d  +  ab  +  ab2-4abd-4b)-a(l  +  b  +  4d)a2-4a0 

©  V  (-  a3  (1  -  d  (1  +  a)  +  b  (2  +  a  -  ad  -  a2d  +  d  +  ad)  -  (2  +  a  -  ad  (1  +  a))  al- (1  +  a)  al) 

©  V  (-  a3  (ab  (1  +  2b  +  d)  -  2b)  -  a  (1  +  2b  +  d)  a2  -  aO  ©  V  (-  a3  (1  -  b  +  a  +  ab)  -  aa2) 

©  V  (-  a3  (1  +  4b  +  9d)  -4a2  -  9a,)  ©  V  (-  a3  (b  (2  +  c  +  a)  +  3(2  +  c  +  a)  d)  -  (2  +  c  +  a)  a2  -  (2  +  c  +  a)  3al) 

©  V  (-  a3  (b  (2  +  a  +  ad)  +  d2  +  6  +  3a  +  3ad)  -  (2  +  a  +  ad)  a2  -  (1  +  d  +  3(2  +  a  +ad))  al) 

©  V  (-  a3  (ba  (1  +  b)  -  d  (1  +  (1  +  b)  (c  -  3a)  -  b))  -  a  (1  +  b)  a2  -  (1  +  (1  +  b)  (c  -  3a)  al)) 

©  V  (-  a3  ((4d  +  b)  d  -  3d)  -  a2  -  (1  +  4d  +  b)  al)  ©  V  (-  a3  (c2d2  +  cd2  -  2cd  -  d  -  1)  -  (cd  +  c2d  -  c)  al) 

©  V  (-  a3  [b  (2  +  2b)  +  (6d  +  6b  +  d2)]  -  (2  +  2b)  a2  -  (7  +  6b  +  d)  al) 

©  V  (-  a3  [1  +  d  (be  +  abc  -  2  -  a]  -  (1  +  a)  a2  -  (be  +  abc  -  2  -  a)  al) 
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Similarly,  we  can  compute  the  other  homology  modules  H6(L_),  H7(L_),  H8(L.)  etc. 

4.  STRUCTURE  OF  THE  MAXIMAL  IDEAL  IN  QHG2 

In  the  this  section,  using  the  homological  approach  together  with  the  representation  theory  of  Kac-Moody  algebra 
we  will  determine  some  of  the  boundary  homomorphisms  and  deduce  some  new  structural  information  on  maximal  ideals 

in  QHG2.  We  know  that  the  ideal  I .  of  G.  is  generated  by  the  homological  subspace  I  _2,  and  hence  we  may  write  1-  =  I-  ' . 

Similarly,  for  7^2,  we  write  li^  =  ^  „>jI-,,>^-}  =  GI  Iu)  and  N-'*  =  I^P  1 1-    )  ■  By  the  homological  theory, 
we  have  in  general  that      I-im  =  (V  ®  l_s )  /  H3  (L_;)  for  j>2 

Since  G_  is  free  and  I_  is  generated  by  the  subspace  L2  from  the  Hochschild  -Serre  five  term  exact  sequence  and 
using  Lemma  proved  earlier,  we  see  that  J -2  -  H2(L_)  ;  H2  (L  )  =  V(-(d  +  Y)(Z3  —OQ  ®V(-(b  +  1)<Z3  -  OC2) 

Hence,  L2  =  H2  (L  )  =  V(-(d  +  l)a3  -a,)®  V{-(b  +  l)a3  -  a2 ) 

When  j  =  2,  coincides  with  the  subspace  V  (S)  for  S  =  {1,  2}  and  we  can  computer  H30*})  using  the  Kostant 
formula. 

H3  (L_ )  =  V(-(ab  +  b)a3  -  (a  +  l)a2 )  @V(-(4d  +  b  +  l)a3  -a2-  \ax ) 
®V(-(2b  +  d  +  l)a3  -  2a2  -     ®  v(-(l  +  c)da3  -  (1  +  c)ax ) 
To  find  H3(Lm)  3 

Case  (1)  If  ab  >  4,  cd  >  4,  3ad  =  be,  H3(L(5)_3  =  0,  Hence  I_3  =  V®I_2 
Case  (2)  If  ab  >  4,  cd  <  4 

H3(L(?)_3  =  V(-(1  +  C)da3-(1  +  C)a1)  if  c=2,d=l,3a=2b 
=  0  Otherwise 

Hence  I_3  =  (V  ®  I_2)  /  V(-(l  +  c)da3  -  (1  +  c)at ) 

=  0  Otherwise 

Case  (3)  If  ab  <  4,  cd  >  4, 

H3 (L(5)_3  =  V(-b(a  + 1  )a3  -  (a  + 1  )a2)  if  a=2,b=  1 ,6d=c 

=  0  Otherwise.  Hence  I_3  =  (V  ®  I_2)  /  V(-b(a  +  l)a3  -  (a  +  l)a2) 

To  determine  the  structure  of  I_4  :  To  determine  the  structure  of  7.4,  we  need  to  determine  the  structure  of  H3 
(L  i3)  )_4.  We  consider  the  following  short  exact  sequence,0  — >  N^2^  — >  L^'  — >       —>  0  and  the  corresponding  spectral 
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sequence  { Erp  q }  converging  to  H„,(Zi_3))  such  that  Epq  =  Hp(L(2))  ®  Aq(I_2). 

We  will  compute  H3(L<3))_4  from  this  sequence,  Let  us  start  with  the  sequence  0— >E2() — ^— >Eq  l  — >0.Note 
that  H^L^)  =L?)/[L®,L(!)]  =  L.1  =V.  Since  the  spectral  sequence  converges  to  H*  (ii3?  ),  we  have 
H^lP^sE^eE^.But  E~0  =  Ef  0  =  H1(L(5)  =  L(12)/[L(?),L?)]  =  L_1=V,  which  implies  E^^E^^O.  Hence  the 
homomorphism  d2  is  surjective.  Since  E20  =  1-2  and  Ej^  =  I_2,d2must  be  an  isomorphism.  Thus  E20  =  0,  and  hence 
E£>=0. 

Now  consider  the  following  sequence,  0  — >  E30  — ^— >  E2 1  — >  0.  By  the  Kostant  formula,  we  have 
E20  =  H3(L(2))  =  {V(-b(a  +  l)or3  -  (a  +  l)a2)  ®V(-(2b  +  d  +  Y)a3  -  2a2  -  or, ) 
®V(-4d  +  b  + 1)«3  -  a2  -  4or, )  ©  V (-(1  +  c)ato3  -  (1  +  c)ax ) } 

and  Ei  1  =  Ht(L(5)  ®  I_2  =  V  ®  I_2  .Since  V®I_  .2is  a  direct  sum  of  irreducible  highest  weight  modules  over 
QHG2  of  level  3,  by  comparing  the  levels  of  both  terms,  we  see  that  d2:  E3  0  — >  E2  ,  is  trivial.  So  E3  0=E3  0,and 
E~!  =  E3,  =  E2,  =  V®I_2.  since  /13)  is  generated  by/_3,  by  using  Lemma  5  and  Theorem  4  give 
H2(L<3))  =  I_3  =  V  ®  I_2.  But  we  have  H2(L(3))  =  E^0  ©  E~,  ©  E^2.  it  follows  that  E^2  =  Eq2  =  0.  hence  we  conclude 
either  Eq  2  =  0  or  the  homomorphism  d3  :  E3  0  — >  Eg2is  surjective. 

Assume  first  thatEQ2=0.  This  implies  that  d3:E30— »Eq2  is  trivial  and  that  the  homomorphism 
^2  :  E2,i  — >  Eq>2  is  surjective  in  the  sequence  0  — >  E2iQ  — ^— >E2>,  — ^— >E(22  — >  0. 

Thus  E^0  =  E3  0  =  ker(d3  :  E3  0  ->  E3, 2)/Im(d3  :  0  ->  E3  0) 

=  E\fi  =  E|_0  =  {V(-b(a  +  l)or3  -  (a +  l)a2)®V(-(2b  +  d +  l)a3  -2a2  -  or,) 
®V(-4d  +  b  +  l)or3  -  or2  -  4or,)  ©  V  (-(1  +  c)<ior3  -  (1  +  c)or,)  } . 

By  comparing  levels,  we  see  that  d2  :  E20  — >  E2 ,  must  be  trivial.  Note  that  Eq2=A2(I_2).  Therefore 
E4  o  =  E2AQ  and 

E2,  =E2,  =  Ker(d2  :  E2  ,  ->Eo2)/Im(d2  :  E20  ->E21)  =  Ker    (d2  :E2>,  ->Eq2).    Since    d2  :  E2  ,  -»Eo_2is 

2  2  2  »4  2  00  2 

surjective,  we  have  A  (I_2)  =  E02  =  E2  ,/Ker  d2  =  I_2  ®  I_2/Ker  d2  .  Therefore  Ker d2  =  S  (I_2).  Hence  E21sS  (I_2). 

If  Eg2is  nonzero  and  d3  :E3  0  — >Eo>2is  surjective,  then  since  E3  0  =E3  0is  irreducible,  d3  '.  Zi30  — >  Eq2is  an 
isomorphism.  Thus  E"0  =  E3  0  =0  and 
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{V(-b(a  +  l)a3  -(a  +  \)a2)®V(-(2b  +  d  +  \)a3  -2a2  - a1)®V(-4d  +  b  +  l)a3 -a2  -4a1)®V(-(l+c)da3-(l+c)a1)} 

—  ^3,0  —  ^0,2  —  ^0 ,2^m(^2  ■  ^2,1     *  ^0.2  ) 

=  A2(I_2)/Im(d2  :E|,  ->E^_2). 

Since  all  the  modules  involved  here  are  completely  reducible  over  QHG2,  we  have 
Im(d2 :  E2 ,  ->  E22)  =  A2(I_2)/{V  (-b(a  +  l)a3  -(a  +  l)a2)  ®V(-(2b  +  d  +  l)a3  -  2a2  -  a, ) 

e  V(-4d  +  b  +  l)a3  -  a2  -4a,)  ©  V (-(1  +  c)da3  -  (1  +  c)at) } 

2  2 

We  have  seen  the  homomorphism  d2  :  E4  0     E2  L  is  trivial.  Thus 

E2,i  =  Eli  =  Ker{d2  :  e\a  ->  £02  2 )  /  Im(</2  :  £420  ->  £22 , )  =  Ker( d2  :  £2 ,  -»  £2  2 ).  Since 
Imrf2  =  A2(/_2)/{V(-b(a  +  l)a3  -(a  +  l)a2)©V(-(2fo  +  rf  +  l)a3  -2a2  -e^) 

©V(-4c/+6  +  l)«3  -a2 -4a1)®V(-(l  +  c)da3-(l  +  c)a1)}  sE^/Ker  d2  =  I_2  ®I_2/Ker  c/2,we  have, 
Ker  c/2  =  52(/_2)©{y(-b(a  +  l)«3-(fl  +  l)«2)©y(-(2/7  +  J  +  l)«3-2«2-«1) 
©  V (-4c/  +  2>  +  l)a3  -  ar2  -  4ar, )  ©  V (-(1  +  c)da3  -  (1  +  c)a, ) } 
Therefore  in  either  case,  we  have 

E~0  ©  E2 a  =  S2  (I_2 )  ©  { V (-b(a  +  \)a3  -  (a  +  \)a2 )  ©  V(-(2b  +  d  +  l)a3  -  2a2  -  a,) 
®  V(-4d +b+ l)a3  -  a2  -AcQ  ®  V(-(l + c)da3  -  (1 + c)oQ } 

Now  consider  the  sequence  0  — >  E|0 — — — >E31— >0.  by  comparing  levels,  we  see  that  the  homomorphism 
d2  :E2j  — >E22  is  trivial.  Thus  Ej2  =E22  =  V  ®  A2(I_2).  Again  by  comparing  the  levels  of  the  terms  in  the  sequence 
0  ->  Elfi     d*  >E{2  ->  0,  we  conclude  thatd3  =  0 .  Therefore  E"2  =  E/2  =  E2>2  =  V  ®  A2(I_2). 

Finally,  since  Eg3is  a  sub  module  of  Eq3  =  A3(I_2),  we  see  that 
H3 (LP) )  =  {V (-b(a  + 1  )a3  -  (a  + 1)«2 )  ©  V (-(2b  +  d  +  Y)a3  -  2a2  -  a, ) 

©  V(-4d  +  b  +  l)a3  -  a2  -  4a, )  ©  V (-(1  +  c)da3  -  (1  +  c)ax ) }  ©  S2  (I_2 )  ©  (V  ®  A2  (I_2 ))  ©  M, 
Where  M  is  a  direct  sum  of  level  6  irreducible  representations  of  QHG2 
Case  (1)  If  ab  >  4,  cd  >  4,  H3(L(5)_4  =  0, 1_4  =(V  ®  I_3)/S2(I_2) 

Case  (2)  If  ab  >  4,  cd  <  4,  H3  (L(E>  )_4  =  V(-(  1  +  c)da3  -  (1  +  c)^ ) if  c  =  l,d  =  2, 6a  =  b. 

=  0 ,  otherwise 
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I_4s(V®I_3)/  V(-(l+c)do3 -(1  +  0)04)  ®S2(I_2) 

Case  (3)  If  ab  <  4,  cd  >  4,  H3 (L(5 ) _4  =  V(-b(  1  +  a)a3  -  ( 1  +  a)a2 )  if  a  =  1 ,  b  =  2, 3d  =  2c. 

=  0 ,  otherwise. 
I_4  =  (V®I_3)/  V(-b(l  +  a)a3-(l  +  a)a2)  ®S2(I_2) 

From  the  above  equations  we  get  the  structure  of  the  components  of  the  maximal  ideal  I.  (upto  level  3)  in  the 
extended  -  hyperbolic  Kac -Moody  algebra  QHG2.  Thus  we  have  proved  the  following  Theorem. 

Theorem  10 


With  the  usual  notations,  let  L-®nEZLn  be  the  realization  of  QHG2  associated  with  the  GCM 

where  atleast  one  of  ab  >  4  or  cd  >  4.Then  we  have  following: 
#     I_2  =  V(-(d  +  1)0,-00®  v(-(b  + 1)«3  "  ai ) 
V®/_2,  if  ab>4,cd>4 

(V  ®I_2)/V(-(l  +  c)da3-(l  +  c)al  if  c  =  2,d  =  l,3a  =  2b 
(V  ®I_2)/V(-b(a  +  l)a3-(a  +  l)a2  if  ,a  =  2,6  =  1,  6d  =  c 
V  ®  I_2  otherwise 


2  -3  -c 
-1  2  -a 
-d    -b  2 


1-4  = 


(V®I_3)/S2(I_2),ab>4,cd>4 

(V®I_3)/V(-(l  +  c)da3-(l  +  c)al®S2(I_2)  if  c  =  \,d  =  2,  6a  =  b. 
(V  ®I_3)/V(-b(a  +  l)a3-(a  +  l)a2)®S2(I_2)  if  ,a  =  l,b  =  2,3d  =  2c 


V  ®  I  otherwise 


CONCLUSIONS 

In  this  work,  we  have  considered  a  particular  class  of  family  of  quasi  hyperbolic  Kac  Moody  algebras  QHG2  and 
determined  the  structure  of  the  components  in  the  graded  ideals  upto  level  four.  This  work  gives  further  scope  for 
understanding  the  structure  of  the  whole  algebra  and  also  will  further  aid  in  the  computation  of  the  multiplicities  of  roots. 
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